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Let B be a weak*-compact subset of a dual normcd space X* and let A be a 
weak*-closed subset of X*. With d(B, A) denoting the distance between B and A 
in the usual sense, Prox(B, A) is the nonempty weak*-compact subset of BX A 
consisting of all (b, a) for which lib-al/ =d(B, A). In this article we study 
continuity properties of (B, A) + d(B, A) and (B, A) --* Prox(B, A), obtaining a 
generic theorem on points of single valuedness of the Prox map for convex sets. 
Best approximation and fixed point theorems for convex-valued multifunctions are 
obtained as applications. x 1991 Acddrmc Prraa. Inc. 
1. INTRODUCTION 
Let X be a normed linear space. Given nonempty subsets A and B of X 
we write d(B,A) for inf{lIb-all :beB and UEA}. Points bEB and UEA 
are called proximal points of the pair (B, A) provided )( b - a/I = d(B, A). We 
denote the (possibly void) set of ordered pairs (h, a) of proximal points for 
(B, A) by Prox(B, A). Note that (6, a) E Prox(B, A) if an only if a-b is a 
point nearest the origin in A ~ B. Proximal points of pairs of convex sets 
were studied in [19] in relation to mutually nearest points, and this gave 
rise to a characterization of smooth normed linear spaces, whereas the 
functional d for convex sets has been studied in [2, 3, 5, 271. 
Nonemptiness of Prox(B, A) is guaranteed if X is reflexive, B is weakly 
compact, and A is weakly closed. More generally, nonemptiness occurs 
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provided B is a weak*-compact subset and A is a weak*-closed subset of 
a dual normed linear space X *: A - B is weak*-closed, whence by the 
Banach-Alaoglu Theorem, A -B has an element of minimal norm. 
Moreover, Prox(B, A) will be weak*-compact (although not necessarily 
norm bounded). To see this, let ( (bj., a,.)) be a net in Prox(B, A). Then 
(b,) has a w*-convergent subnet, and since each term of (a;, - bj,) has 
the same norm, it too has a w*-convergent subnet, again by the 
Banach-Alaoglu Theorem. As a result, we can find a subnet of (a,,) and 
a subnet of (b;) based on the same directed set w*-convergent to a E A 
and b E B, respectively. It follows from the weak*-lower semicontinuity of 
the dual norm that (b, a) E Prox( B, A). 
Let W*K(X*) and W*C(X*) denote the nonempty weak*-compact and 
weak*-closed subsets of a dual normed space X*, respectively. A major 
purpose of this article is to study continuity properties of the gapfunctional 
(B, A) + d(B, A) and the Prox map (B, A) -+ Prox(B, A) on W*K(X*) x 
W*C(X*) with respect to natural topologies on W*K(X*) and on 
W*C(X*). Using an upper semicontinuity theorem for the Prox map in 
conjunction with Christensen’s theorem [S] on usco multifunctions, we 
obtain a generic theorem on points of single valuedness of the Prox map. 
Finally, we use one of our results on the Prox map and Himmelberg’s fixed 
point theorem [14] to obtain a basic best approximation theorem for 
convex-valued multifunctions with values in a dual normed space. This in 
turn leads to a fixed point theorem for weakly inward type multifunctions 
on noncompact sets. 
2. NOTATION AND TERMINOLOGY 
In the sequel, X is a normed linear space and X* denotes its normed 
dual. The origin and closed unit ball of X (resp. X*) are denoted by 8 and 
U (resp. fI* and U*), respectively. Also, S (resp. S*) denotes the unit 
sphere, i.e., the norm one elements of X (resp. X*). If a net (xi) in X 
converges in the norm (resp. weakly) to x E X, we write x = lim, xj, 
(resp. x = w-lim, x,); if a net ( y;,) in X* is w*-convergent to y E X*, we 
write y = w*-lim y,. 
We distinguish the normed spaces with Kadec and dual Kadec norms: 
(H) E X such that weak convergence of a net in S to a point of S 
implies its norm convergence; 
(H* ) E X such that weak* convergence of a net in S* to a point of S* 
implies its norm convergence. 
Ordinarily, the definitions of the classes (H) and (H * ) are given in terms 
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of limits of sequences rather than nets [ 1.5, 261. However, there seems to 
be little loss of generality in our more restrictive definition, for the most 
important spaces in (H) or in (H*) in the usual sense satisfy the more 
restrictive definition as well. Also, we need the full strength of our delini- 
tion to deal with net arguments which arise in the consideration of certain 
topologies on iv*-closed subsets that fail to be first countable. 
In addition to W*K(X*) and W*C(X*) mentioned in the Introduction, 
we distinguish the following classes of subsets of X and X*: 
CL(X) = the nonempty closed subsets of X 
WC(X) = the nonempty weakly closed subsets of X 
WK(X) = the nonempty weakly compact subsets of X 
K(X) = the nonempty compact subsets of X 
WCC(X) (resp. W*CC(X)= the nonempty weakly closed (resp. 
weak*-closed) convex subsets of X (resp. X*). 
WKC(X) (resp. W*KC(X*)) = the nonempty weakly compact (resp. 
weak*-compact) convex subsets of X (resp. X*). 
We next consider the two main hyperspace topologies of interest in the 
sequel. Recall that HuusdoTff distance H between nonempty closed subsets 
A and B of a normed linear space X is defined by the formula 
Hausdorff distance so defined yields an infinite-valued metric on CL(X), 
which is complete when X is complete [7, 161. We denote the topology of 
Hausdorff distance by zn. Since the closed and bounded convex subsets of 
X form a closed subset of (CL(X), r,), Hausdorff distance restricted to 
such sets defines a complete finite-valued metric, provided X is complete 
[16, p. 451. It is in this context that Hausdorff distance is particularly well 
studied. We record the following elementary facts in a lemma, abbreviating 
4(x), A) by 4x3 A). 
LEMMA 2.1. Let X he a normed linear space and let A be a nonemptl 
closed subset of X. For each {x, z} c X and each {B, C} c CL(X), we have 
(1) I@, B)-d(z, B)( < Ilx-~11; 
(2) 14x, B) -4x, C)l < H(B, C); 
(3) 144 4 - d(A, C)l < H(B, C). 
During the last 20 years, Mosco convergence [ 171 of convex sets-a 
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much weaker notion of convergence than Hausdorff metric convergence- 
has gained favor among researchers in convex analysis and approximation 
theory. In the setting of reflexive spaces, it has been shown to be intrinsic 
to convergence of metric projections and distance functions for closed 
convex sets [ 1, 3, 26, 28, 321 and is stable with respect to duality [ 18,4]. 
In [3] a Vietoris-type topology on CC(X) compatible with Mosco 
convergence was introduced that is, for reflexive spaces, a special case of a 
hyperspace topology on W*CC(X*) as introduced by these authors in a 
recent article [6]. Here we consider these topologies on the larger classes 
WC(X) and W*C(X*). 
To introduce these topologies, we need a bit of notation. If a is a fixed 
collection of subsets of a normed space X and E c X, we associate subsets 
EP and E+ of a with E as follows: 
E-={AE&AAE#@) and E+={A&:AcEf. 
The Mosco topology ~~ on WC(X) is generated by all sets of the form 
V- = {A E WC(X) : A n l/f a}, where V is a norm open subset of A’, . 
and all sets of the form (IF)+ = {A E WC(X): A c K’} = {A E WC(X): 
A n K = a}, where K is a weakly compact subset of X. Similarly, the dual 
kfosco topdogy TM* on W*C(X*) is generated by all sets of the form 
V- = (A E W*C(X*) : A n V # 0}, where V is a norm open subset of 
X*, and all sets of the form (K’)+ = (A E W*C(X*) : A c Kc} = 
{AEW*C(X*):AnK=@j, h w  ere K is a weak*-compact subset of X*. 
Since a reflexive space X may be viewed as a dual normed space and, from 
this perspective, the weak and weak*-topologies on X coincide, it is 
obvious that zM* = ?M on WC(X) = W*C(X**). That ?M* is the natural 
topology with which to equip W*C(X) for the purposes of studying the 
gap functional and the Prox map on W*K(X*) x W*C(X*) is made clear 
in Theorem 3.1 below. 
Throughout this article, we call set-valued functions multzjiinctions. 
Precisely, by a multifunction r from a topological space T to a topological 
space Y, we mean a function from T to CL(Y). The multifunction is said 
to be upper semicontinuous (abbreviated by USC) if for each open subset V 
of Y, the set (te T: r(t)c V) is open in T. Equivalently, f is USC if for 
each closed subset E of Y, the set T-‘(E) 3 {t E T: f(t) n E # 0) is closed 
in T. If, in addition, the values of I- are compact subsets of Y, I- is called 
an usco map [8]. If X (resp. X*) is a normed space (resp. a dual normed 
space) equipped with the weak (resp. IV*) topology, then we employ the 
terms W-USC and w-usco (resp. NJ*-USC and w*-LOCO) for USC and usco maps 
into X (resp. X* ) so topologized. 
We twice use the following elementary fact about upper semicontinuous 
multifunctions. 
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h3fMA 2.2. Let X, Y, W, and T he topological spaces. Suppose f’: X --+ T 
and g: Y + W are continuous junctions, and f: T -+ Y is un upper .semicon- 
tinuous multifunction. Then g r~>,f: X+ W, defined by (g f ‘,f‘)(.~) = 
g(T( f (x))), is an upper semicontinuous mult$mction. 
3. UPPER SEMICONTINUITY OF THE PROX MAP 
In [3, Theorem 3.31 the Mosco topology Z~ on the closed convex sub- 
sets of a reflexive space was characterized in terms of the gap functional: 
it is the weakest topology on CC(X) such that for each BE WK(X), 
A -+ d( B, A) is a continuous functional on CC(X). This characterization 
not only generalizes to dual spaces, but is also valid if we broaden our class 
of sets from W*CC(X*) to W*C(X*). Although the proof is essentially the 
same as the proof given in [3], we choose for completeness to include it 
here. 
THEOREM 3.1. Let X* he a dual normed space. Then the dual Mosco 
topology TV* is the weakest topology z on W*C(X*) such that for each 
BE W*K(X*), A -+ d(B, A) is a continuous functional on ( W*C(X*), t). 
Proof: For each BE W*K(X*) denote the funtional A --) d(B, A) on 
W*C(X*) by qe. We first verify that if r is a topology on W*C(X*) with 
respect to which each functional (pB is continuous, then r 3 rM*. For each 
weakly compact subset B of X*, we have (B”)+ = (P; ‘(0, co), whence 
(B”)+ E r for each BE W*K(X*). Now let V be a fixed norm open subset 
of x*, and suppose A E V Choose UE A and E > 0 with a + eU* c V. 
Then 
A~cp;;\(-l,~)={A:Anint(a+~U*)#@j 
= [int(a + sU*)] c v-. 
This shows that VP is r-open, and r 2 rM. follows. 
It remains to establish T ,.-continuity of each functional (pB for each B. 
Fix AE W*C(X) and BE W*K(X*). First, we show z,,-upper semicon- 
tinuity of qe at A. Let E > 0 be arbitary, and choose (b, a) E Prox(B, A). 
Suppose A’ E VP where V = int(a + &U*). Choosing a’ E A’ with 
I(a’ - a/I < E, we have 
d(B, A’)< ~la’-h~l < l/a-hll +c=d(B, A)+&. 
Lower semicontinuity of (pB obviously holds if d(B, A) = 0. Otherwise, 
write M = d(B, A), and let 6 E (0, a) be arbitrary. By the Banach-Alaoglu 
theorem and the weak*-lower semicontinuity of the dual norm, B + 6lJ* is 
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a weak*-compact set disjoint from A, and if A’ E [(B + SU*)‘] +, then 
d(B, A’) > 6. Continuity of (pB with respect to the dual Mosco topology 
now follows. 1 
THEOREM 3.2. Let X* he a dual normed space. Then the gap functional 
(B, A) + d(B, A) is continuous on ( W*K(X*), zH) x ( W*C(X*), r,.). 
Proof. Consider a net ((B,, A,)) in (W*K(X*), tH)x (W*C(X*), z,.) 
convergent to (B, A). From Lemma 2.1, we have 
MB;., A;.) - d(B, AlI 6 MB,, Ai.)- d(B, A;,)1 
+ Id(B, A;.) -d(B, A)l 
6 H(Bj.3 B) + jd(B, A).)-d(B, A)I. 
Continuity of the functional d immediately follows from Theorem 3.1. 1 
Is the gap functional continuous on W*K(X*) x W*C(X*), provided we 
equip both coordinate spaces with the dual Mosco topology? The answer 
is negative, even in l,, and even if we restrict our attention to convex sets. 
EXAMPLE. On 12, let y be the continuous linear functional defined by 
(x, Y> = f 0)/n 
,I = I 
and let A be this closed hyperplane in X: {x: (x, y) = 1 }. We claim that 
B + d(B, A) fails to be continuous on (WK(X), rM). To see this, let 
el, e2, e2, . . . be the standard orthonormal base for I,, and for each n E Z+, 
set B, =conv{0, ne,}. It is not hard to show that {0} = r,-lim B, (see 
[26, p. 1.321). On the other hand, for each n, we have ne, E B, n A. Thus, 
for each n, we have d( B,, A) = 0 whereas d(B, A) > 0. 
THEOREM 3.3. Let X* be a dual normed space. Then Prox: 
( W*K(X*), 7”) x (W*C(X*), T,.) +X* xX* is w*-usco. 
Proof To prove the Prox-map is w*-USC, it suffices to show that 
Prox-l(E)= {(B, A)E W*K(X*)x W*C(X*): Prox(B, A)nE#@} 
is closed in ( W*K(X*), 7) x ( W*C(X*), 7,*) for any w*-closed subset E 
of X* x X*. To this end, let ((B,, A,)) be a net in Prox-i(E) convergent 
to (B, A). For each index A, pick up (b,, a;.) in Prox(B,, A,) n E. By joint 
continuity of the gap functional, we have lim, Ilb, - a,(1 = lim, d(B,, A,) = 
d(B, A). In particular, the net (a; -b,) is eventually norm bounded; so 
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(a, - 6, ) has subnet ( ul, - b,, ) convergent in the weak * topology to some 
J’ E X*, and furthermore, such that for some M > 0 and all ,u, ul, - h,, E xc’*. 
Also, since BE W*K(X*) and since lim, ri(h,,, B) = 0, we may assume that 
b, E B + crU* for each ,u and that (/I,,) is weak *-convergent to some h E B. 
As a result, y + b = ul* - lim a,,. 
We claim that y + b E A. Else, J + h has a weak *-closed neighborhood F 
disjoint from A. Since for each ,u, 
a,,=(u,,-b/J+ b,,EcrU*+ (B+crU*)= B+2aU*, 
and (a,,) is in F eventually, the weak*-compact set K given by 
Kr(B+2rlU*)nF 
hits A, frequently, whereas Kn A = $3. This violates A = z,,-lim A,, and 
our claim is verified. Thus, there exists a E A with y + b = a. 
Finally, from the weak*-lower simicontinuity of the dual norm, 
/la-b(l ,ili~~inf lJu,-bh,,II =lim llu,-b,ll =d(B, A). 
This proves that (b, a) E Prox(B, A), and since E is weak*-closed, we also 
have (b, a) E E. As a result, (B, A) E Prox-’ (E) and Prox ’ (E) is 
closed. 1 
We immediately obtain the following two corollaries, to be used in 
Sections 4 and 5 below. 
COROLLARY 3.4. Let X be a reji’exive Bunuch space. If WC(X) is 
equipped with the Mosco topology zM and WK(X) is equipped with the 
Huusdorff metric topology TV, then Prox: WK(X) x WC(X) + Xx X is 
weakly usco. 
COROLLARY 3.5. Let X* be a dual normed space, and let A be a fixed 
w*-closed subset. Then F: ( W*K(X*), TV) + X* defined by F(B) = 
{a E A : d(u, B) = d(B, A)} is w*-usco. 
Proof: Let II/ denote the natural injection B -+ (B, A) of ( W*K(X*), zH) 
into (W*K(X*), rn) x ( W*C(X*), tM*). With rc2 denoting the projec- 
tion map of the product onto the second coordinate space, it is not hard 
to see that f = rc2 0 Prox 0 $. The result follows from Lemma 2.2. B 
THEOREM 3.6. Let X* be a dual normed space with XE (H*). Then 
Prox: (K(X*), tH) x ( W*C(X*), TV*) -+X* xX* is usco. 
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Proof. We first show that for each BEK(X*) and each A E W*C(X*), 
the set Prox (B, A) is compact (in the norm topology). Let ((b,, a,)) be 
an arbitrary net in Prox (B, A). Since B is compact, we may assume by 
passing to a subnet that (b,) is norm convergent to b,,~ B. Since 
/Ia, - b,ll= d( A, B) for each ~1, the net (a,) is bounded, and we may 
assume by passing to a subnet that (a,) is weak*-convergent to a, E A. By 
weak*-lower semicontinuity of the dual norm, we have 
d(B, A) < llq, - b,ll d lim inf Ila, - b,ll = 4& A). 
I’ 
Thus, a, - 6, and each a, - 6, lie on the surface of the ball with center f3* 
and radius d(B, A). Since XE (H*), it follows that a, - b, = lim, up-b,. 
Combined with b,, = lim, b,, we get a, = lim, a,. Thus, the original net has 
a subnet norm convergent to a point of Prox (B, A). 
To establish (norm) upper semicontinuity, we proceed essentially as in 
the proof of Theorem 3.3 to prove that 
Proxx’(E)-{(B,A)EK(X*)xW*C(X*):Prox(B,A)nE#@} 
is closed for each norm closed subset E of X* x X*. We take a net 
((B,, A,)) in Prox-’ (E) convergent to (B, A) and for each index I,, 
choose (b,, U~)E Prox (B,, AL). Since B is compact and B= r,-lim B,, by 
passing to a subnet, we may assume that (b,) is norm convergent to some 
b E B. Since lim, d( B,, A ;,) = d( B, A) and (b j.) is norm bounded even- 
tually, the net (Uj,) is norm bounded eventually. By once again passing to 
a subnet, we may assume that (ai) is w*-convergent to a point UE X*, 
which by the argument presented in the proof of Theorem 3.3, lies in A. By 
the weak*-lower semicontinuity of the dual norm, we have 
d(A, B) < JIu - bll 6 lim inf IlU, - bj.11 
= lim IlU,- bj.11 =lim d(A,, B,)=d(A, B). 
i i. 
Thus, (b, a) E Prox (B, A). Moreover, the conditions a - b = w*-lim, a, - bj. 
and l(a - b(l =lim, IlUj. - bill jointly imply that (aA - b,) converges to 
u-b in norm, because XE (H*). Since lim, b:,= b, we conclude that 
lim, Uj, = a. Clearly, (b, a) E E because E is norm closed. This proves 
Prox-’ (E) is closed in (K(X*), tH) x (W*C(X*), TV*). 1 
COROLLARY 3.7. Suppose X is reflexive and XE (H). Zf K(X) is equipped 
with the Huusdorff metric topology, and WC(X) is equipped with the Mosco 
topology, then Prox: K(X) x WC(X) -+ Xx X is usco. 
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COROLLARY 3.8. Let X* be a duul normed spuce Maith X E (H * ), and let 
A be a fixed w*-closed subset qf X*. Then l-1 (K(X*), 5H ) + X* defined hi 
l-(B) = {a E A : d(a, B) = d( E, A) ) is usco. 
4. A BAIRE CATEGORY RESULT 
By Theorem 4.3 of [3], when X is separable and reflexive, CC(X) 
equipped with the Mosco topology Z~ is a second countable completely 
metrizable space (see also [ 1, 281). Thus, one may pose generic questions 
with respect to this topology. It was then shown in [3] that for most 
points (x, A) in Xx CC(X) in the sense of Baire category, x has a unique 
nearest point in A. This result fails if we replace the Mosco topology by the 
stronger Hausdorff metric topology [9, p. 3751. 
Here we address the analogous question for the Prox map on 
WKC(X) x CC(X), where WKC(X) is topologized by the Hausdorff metric 
and CC(X) is equipped with the Mosco topology: Is it the case that for 
most pairs (B, A), Prox (B, A) is a singleton? At least this question is 
meaningful, for since the weakly compact convex subsets of a reflexive 
space coincide with its norm closed and bounded convex subsets, both 
coordinate spaces are completely metrizable, whence their product is. 
The following example shows that the answer to the question US stated 
is negative. In fact, the set ((B, A) E WKC(X) x CC(X) : Prox (B, A) is a 
singleton} need not even be dense in WKC(X) x CC(X). 
EXAMPLE. Let X= R’, equipped with the Euclidean norm. For each 
(cc,,d~R’, let ~t~,,~2)=~(~,,P2):ll(BI~B2)-(~I,~2)ll~~). Consider 
this r,-open set in CC(X): 
a= V(l,l)) n V(I, -1) n V(-1, l)- n V(-1, -1) 
Intuitively, a convex set is in ciz: if it passes close to each of the vertices of 
the square [ - 1, l] x [ - 1, 11. In particular, if A E a, then A 3 V(0, 0). Let 
B. = conv((0, $), (0, - h)}. F or each B with H(B, B,) < $, we see that B 
is not a singleton and Bc V(0, 0). As a result, for each (B, A) in the open 
set {B:H(B,B,)<j)xd, Prox(B,A)={(b,b):bEB} contains more 
than one point. 
Remarkably, a beautiful generic theorem is obtained if we restrict our 
attention to those pairs of sets (B, A) that do not intersect. 
LEMMA 4.1. Let X be a separable rejlexive space. Suppose WKC(X) 
is equipped with ~~ and CC(X) is equipped with TV. Then f2 = 
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((4 -4) : d(R 4>0) as u subspace of WKC(X) x CC(X) is open and 
completely metrizuble. 
Proof: By Theorem 4.2, the gap functional (B, A) -+ d(A, B) is con- 
tinuous on (WKC(X), mu) x (CC(X), sM ), and Q is the inverse image 
of (0, co) under the functional. Thus, Q is open in the product. By a 
well-known theorem of Alexandroff [31, p. 1791, any open subset of a 
completely metrizable space is itself completely metrizable. 1 
One key ingredient in the proof of our generic theorem is a continuity 
theorem of Christensen [S]. Retaining the terminology of [3], we call a 
multifunction r from a topological space T to a normed space X almost 
lower semicontinuous (alsc) at t, E T if there exists x,, E f( tO) such that for 
each E > 0, there exists a neighborhood V, of t, such that for each t E V,:, 
we have r(t) n (x0 + EU) # 0. This property, considered first by Christen- 
sen under the name Kenderov continuity, is evidently weaker than ordinary 
lower semicontinuity for multifunctions (see, e.g., [ 161). For compact- 
valued multifunctions, it agrees with a somewhat weaker continuity 
property introduced by Deutsch and Kenderov [ 111. For our purposes, 
the following weakened form of Christensen’s theorem sufftces. 
CHRISTENSEN'S THEOREM. Let T be a complete metric space and let X be 
a Bunuch space. Suppose f is a weakly usco map from T to X. Then there 
exists a dense and G, subset G of T such that r is ulsc at each t E G. 
The other key ingredient in our proof is the following technical lemma, 
in the spirit of Lemma 5.2 of [3]. 
LEMMA 4.2. Let X be a normed linear space and let B and P be disjoint 
weakly compact convex subsets of X. Suppose (b,, pO) E Prox (B, P). Then 
there exists 6, > 0 such that for each positive 8 less than 6,, 
B(E)-conv (Bu (b,+&(pO-bO)}) and 
P(s)=conv (Pu {p,,+~(b,,-p,,)}) 
are disjoint, and Prox (B(E), P(E)) = {(b, + ~(p,, - b,), p0 + E(bO -pO))}. 
Proof: Let K = P - B; evidently, p,, - 6, is an element of K of minimal 
norm. By the dual characterization of best approximation [ 15, Section 221, 
there exists )’ E X* of norm one such that (p,, - b,, y ) = II p0 - boll and for 
each k E K, we have (k, y ) 2 jl p0 - boll. This means that 
haB 
= <po, Y> = inf (P, Y> 
PEP 
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Choose 6 > 0 such that (P + fili) n (B + 6U) = 0. Fix E < b‘, 3 S//~/I,, -poll 
and set h, = h, + ~(17~) - h,) and p, = p. -t c(h,, -- po). In terms of the nota- 
tion in the statement of the lemma, we may write 
B(&)=conv (Bu (b, 1) 
P(E)=conv (Pu {p,)). 
Since P(E) c P + 6U and B(E) c B+ 6U, P(F) and B(E) are disjoint sets. 
We now claim that Prox (B(E), P(E)) = {(h,, p,)). First note that 
lb,-p,ll= II(bo+4~o-bo)- bo+Qh-~o)lIl =(I -2~) Ilk,-p,ll. Now 
take x E P(E) and z E B(E), where either x #p, or z #hr. Then there exist c1 
and p not both one in CO, I] and p E P and b E B such that 
,~=ccp, +(l -a)p and z=Pb, +(l -P)h. We have 
(x-z,r>=(-~,I’)-(z,I’>~(a[IPo+“(ho-Pojl+(1-or)p”,y) 
- <PC(bo + 4Po - b”)l + (1 - Bvh~ I,> 
= (Po-ho, Y)+t‘((@+BNbo-P,), Y> 
= II PO - boll - 4% + B) II PO - boll 
> (l-2&) IlPo-boll. 
Since y has norm one, we conclude 1/x - z1/ > lip, - b, Ii. This proves that 
Prox (B(E), P(E)) is the stated singleton. 1 
THEOREM 4.3. Let X he a separable reflexive space. Suppose WKC(X) is 
equipped with TV and CC(X) is equipped with 5M. Then there exists a dense 
and G, subset Q, qj’ Q E {(B, A) E WKC(X) x CC(X) : d(B, A) > 0) such 
that for each (B, A) EQ~, Prox (B, A) is a singleton. 
Proqf: By Coroflary 3.4, Prox: (WKC(X), zu ) x (WCC(X), zM ) --f 
Xx X is w-usco; so, by Christensen’s theorem, there is a dense and G6 sub- 
set A of the product such that at each (B, A) Ed, Prox is alsc. We show 
that at each point (B, A) of A n Q, a dense G, subset of 0, Prox (B, A) is 
a singleton. Suppose this fails. Let (b,, a,) E Prox (B, A) play the role of x0 
in the definition of almost lower semicontinuity with respect to to = (B, A), 
and let (b,, aI) be another point in Prox (B, A). Let fi= (lib, -h,]l + 
l(a, - aoll)/2. By almost lower semicontinuity, there exists a > 0, open 
subsets V,, ,.., V,, of X, and a weakly compact subset K of X such that 
VI I\ . n V,; n (K”) + is a TM-neighborhood of A, and such that 
whenever A’ E CC(X) lies in this neighborhood and H(B, B’) < ~1, then 
Prox (B’, A’) meets ((x, z): j/x--b,jJ + ))~-a~)) </I]. 
Pick xisAnV, for i=l...., n, and let P=conv((a,,x, ,..., x,,)). Since 
PcA, we have (b,, a,)E Prox (B, P). For each E>O, B(E)- 
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conv (Bu {b, +~(a, -b,)}) and P(c)=conv (Pu {al +&(b, -a,)}) are 
weakly compact sets. By Lemma 4.2, for all small E, Prox (B(E), P(E)) 
is a singleton, and lim,,,+ Prox (B(E), P(E))= (a,, b,). As a result, 
Prox (B(E), P(E)) fails to meet ((x, 2) : l/x -ho11 + IJz-uaO/l </?) for all suf- 
ficiently small E. On the other hand, for all sufficiently small E we have both 
P(E) E v, n . . . n V; n(F)+ and H( B(E), B) < c(. This violates almost 
lower semicontinuity of Prox at (B, A), and finishes the proof. 1 
5. BEST.APPROXIMATION AND FIXED POINT THEOREMS FOR 
MULTIFUNCTIONS INTO DUAL SPACES 
It is a well-known result of Ky Fan [ 123 that if C is a compact and con- 
vex subset of a normed space X and ,f: C -+ X is norm-norm continuous, 
then there exists an x E C satisfying 
IIS - XII = W(x), Cl. (1) 
Although the result remains valid in Hausdorff locally convex spaces with 
the norm replaced by a continuous seminorm, we prefer to state this and 
related results for normed spaces. Subsequently, Reich [22] showed that 
(1) holds in case C is approximatiuely compact [ 15, Section 311, i.e., for 
each x E X, whenever (c~) is a net in C with lim, I\ci. - XII = d(x, C), then 
(c?,) has a norm convergent subnet to a point of C. Evidently, 
approximative compactness of C guarantees that C is norm closed. 
In [20,21], Reich also extended the Fan theorem to compact convex- 
valued multifunctions. In the spirit of [22], replacing compactness of the 
domain by approximative compactness, Seghal and Singh [24] extended 
Reich’s multifunction results, as follows. 
SEGHAL-SINGH THEOREM. Let C be a nonempty approximatively com- 
pact and convex subset of’ a normed space X. Let F: C + (CC(X), rH ) be 
continuous with respect to the norm topology on C. If UxGc F(x) is a 
relatively compact subset of X, then there exists XE C satisfying 
4x9 F(x)) = 4C F(x)). (2) 
One purpose of this section is to produce a Seghal-Singh-type result for 
dual spaces. A nice feature of our result is that approximative compact- 
ness-a very strong assumption-is not required. Our theorem falls out 
easily from our work in Section 3, in conjunction with the Himmelberg 
fixed point theorem [14]. 
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HIMMELBERG FIXED POINTTHEOREM. Let C he a nonempty convex suhser 
of a Hausdorjf locally convex space X. Let r: C -+ C he un upper .semicon- 
tinuous mult!function with closed convex values. If’ IJ u(I ( f(x) is contained in 
a compact subset of C, then f bus a ,fixed point; i.e., there exists xc, E C rzxith 
x() f r( X” ). 
THEOREM 5.1. Let C be a nonempty M *-closed convex subset ?/!I’ a dual 
normed space X*. Let F: C -+ ( W*KC(X*), TV) be continuous, where C is 
equipped with the w*-topology. If U ,.E (- F(y) is relativel.ha compact, then there 
exists y E C with d( y, F(y)) = d( C, F(y)). 
ProoJ By Corollary 3.5, C: ( W*K(X*), zH) -+ X* defined by 
E(B)= {c~C:d(c, B)=d(B, C)) 
is a w*-usco map. Now the weak*-compact subsets &? of the closure K of 
U,,, c F(y) are identical with the compact subsets of K, because K is com- 
pact. Thus, (a, rn) is compact ([8, p. 411 or [ 16, p. 461, and since C 
restricted to (a, zu) remains w*-upper semicontinuous, by a theorem 
attributed to Berge ([S, p. 551 or [ 16, p. 901) lJBEcs C(B) is a weak*-com- 
pact subset ofX*. 
Now set r= C 0 F, that is, for each J E C, 
rC(y)= {c~C:d(c, F(y))=d(F(y), C)]. 
By Lemma 2.2, r is an upper semicontinuous multifunction, and for each 
y E C, T(y) is a nonempty w*-compact subset of C. Also, since the values 
of F are convex and C is convex, each value r(y) is convex. Most impor- 
tantly, 
IJ UYk[ tJ W]nC, 
(‘E (‘ BEIf 
so that t,JYE(. T(y) lies in a w*-compact subset of C. Himmelberg’s theorem 
(with respect to the w*-topology on X*) now yields y, E C with y,, E T(y,). 
This means that d(y,, F(y,)) = d(F( JO), C)). 1 
Using Corollary 3.8 instead of Corollary 3.5, we obtain in exactly the 
same way 
THEOREM 5.2. Let X* be a dual normed space with XE (H*). Let C be 
a nonempty w*-closed convex subset of X*. Let F: C-+ ( W*KC(X*), T”) 
be continuous, where C is equipped with the norm topology. If U, E c F(y) is 
relatively compact, then there exists y E C with d( y, F(y)) = d(C, F(y)). 
Theorem 5.2 also follows from the Seghal-Singh theorem, in conjunction 
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with the following observations: (1) a w*-closed set is automatically 
w*-approximatively compact; (2) a w*-approximatively compact subset of 
a dual normed space X* with XE (H*) is approximatively compact [29]. 
COROLLARY 5.3. Let X be a rejZexive space with XE (H). Suppose C is 
a closed coizvex subset of X, and F: C -+ (KC(X), TV) is continuous with 
respect to the norm topolog)) on C. Then there exists -YE C tcith 
d(x, F(x)) = d(C, F(x)). 
If X is a uniformly convex Banach space, then X is reflexive and XE (H). 
For this case, Corollary 5.3 is attributed in [24] to [30]. 
Finally, we obtain a fixed point theorem from Theorem 5.1 using a 
boundary condition on the multifunction F. Recall (cf. [ 10, p. 2071) that 
for a subset C of X, the inward cone of C at x is the set 
Z(C;x)r {ZE X:z=x+cc(u-x)forsomeueCandcc>O}. 
THEOREM 5.4. Under the same hypothesis as in Theorem 5.1, suppose for 
each y in the boundary of C such that d( y, F(y)) > 0, there is a w in F(y) 
nearest y such that 
d(w cl I(C; Y)) < d(y, F(Y)). (3) 
Then .for some y E C, y E F( 1)). 
Proof By Theorem 5.1, there is an element YE C such that 
d( y, F( y )) = d( C, F(y)). Clearly, either y E F( y ) or y is a boundary point of 
C. If y $ F(y), by hypothesis, there is a w  E F(y) nearest y such that (3) 
holds. Therefore, there exists u E C and CI 3 I such that 
IIY+~~-Y)-~ <d(y,F(y))= llv-~~11. 
On the other hand, 
(4) 
I/y+a(u-y)-M’II 3a II~--q -(a- 1) Ily-wll 
b dC, F(Y)) - (a - 1 My> F(Y)) 
=d(y, F(Y))= IIY-4 
which contradicts (4). This proves that y E F(y). 1 
COROLLARY 5.5. Under the same hypotheses as in Theorem 5.1, suppose 
for each y in the boundary of C, we have 
{w~F(y):Ilw-yll=d(y,C)}nclZ(C;y)#(21. 
Then for some y E C we have y E F(y). 
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In closing, for a fixed point theorem for “weakly inward” maps on com- 
pact convex sets, we refer the reader to Halpern and Bergman [ 131 (see 
also [ 10, Theorem 24.51 for a fixed point theorem on multifunctions of this 
type, and [23]). 
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